In this project we model volumetric flow rate through a parabolic ceramic water filter (CWF) to determine how quickly it can process water while still improving its quality. The volumetric flow rate is dependent upon the pore size of the filter, the surface area, and the height of water in the filter (hydraulic head). We derive differential equations governing this flow from the conservation of mass principle and Darcy's Law and find the flow rate with respect to time. We then use methods of calculus to find optimal specifications for the filter.
The technology of ceramic water filters is simple: clay is mixed with an organic (burnout) material, such as cornhusks or saw dust, which will burn out during the firing and leave small pores throughout the filter. All of the production materials are usually locally and sustainably sourced. The filter is molded into a bowl (paraboloid) shape and then fired to a temperature sufficiently high to completely vitrify the ceramic elements and burn out all organic matter. Once fired, the filter should remain slightly porous so that water may filter at an acceptable flow rate. This flow rate is used as a production standard for many manufacturers of POU ceramic filters, including Potters for Peace and FilterPure. These ceramic filters treat water through physical filtration and also disinfect the water through the use of impregnated or coated colloidal silver. The small pores in the filter "strain" out dirt and bacteria while the colloidal silver acts as a chemical biocide to kill microbes.
Ceramic water filters have proven to be tremendously effective in reducing the exposure of users to contaminated water and the incidence of diarrhea over an extended period of time (Brown and Sobsey; Hagan, Harley and Pointing) .
In order to ensure that the filters are effective and safe to use in the household, manufacturers must have a rigorous quality control process. One important quality control measure is the first hour flow rate test. Manufacturers aim for an optimal flow rate of water out of the filter of 1 to 2.5 liters per hour. Flow rate is an important aspect of the functionality of the filter. If the flow rate is too high, there is likely a crack or the pore size is too large and will not be effective in filtering out of dirt and bacteria. If the flow rate is too low, then the filters will be inconvenient for household users to use on a daily basis and will likely not be adopted.
First hour flow rate can also serve as an important comparative tool to assess the hydraulic conductivity of filters and compare with others in order to improve their performance.
By adapting Darcy's Law to a paraboloid geometry and relating it to the FilterPure filters' experimental volumetric flow rate, a hydraulic conductivity variable can be determined. The volumetric flow rate is dependent upon the pore size of the filter, amount of surface area, and the hydraulic head of the water in the filter. Using the theory of conservation of mass, which states that the rate of mass into the vessel minus the rate of mass out of the vessel equals the rate of accumulation of mass, equations can be derived using differential and integral calculus to determine the flow rate of water through a vessel as a function of time.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
The law of conservation of mass, also known as the principle of mass/matter conservation, states that the mass of an isolated system (closed to all matter and energy) will remain constant over time, yielding the following:
In practice, the ceramic water filter is filled up and then left undisturbed to filter water. It is not, presumably, continually filled to the top. Once the filter has been filled up and begins to filter water, we can say that in the relationship described by the law of conservation of mass, the rate of mass in, equals zero, so:
This relationship gives us the following equation that states that the density of the fluid multiplied by the volumetric flow rate of fluid out of the vessel equals the rate of accumulation of liquid outside the filter with respect to time:
Undergraduate Journal of Mathematical Modeling: One + Two, Vol. 4, Iss. 2 [2012] , Art. 6 -
We let kg/m 3 represent the density of water and set the mass of liquid accumulation outside filter equal to density times the volume in mL of liquid:
By integrating the circular cross-sectional areas with respect to height (represented by the variable ) of a paraboloid we can find its volume at any height:
where . We can also find the corresponding radius for any height using the maximum filter radius and the maximum filter height . Let
then at we have so . Thus, and substituting this into Equation 4 we have ( ) . Since the area of a circle is , we can write:
Now, substituting Equation 5 into Equation 3, we get:
a simplified equation for the volume. Relation of rate of change of mass to rate of change of volume:
Now that we have derived an equation for the volume of a paraboloid, the rate of change of that volume can be related to the rate of change of mass (Darcy's law).
Recall Equation 1 relating the rate of change of mass to volumetric flow rate: -.
We can also say that,
and substituting the derivative of the volume function ( 
Velocity of water flow:
Darcy's Law is well known and states that the flow speed through a porous medium is directly proportional to the pressure gradient through that medium and to the square of the characteristic size of the pore spaces of the medium, and inversely proportional to the viscosity of the medium. The value of the constant is different for different porous media, because of the differences in particle shape and packing geometry. The constant, c, in the equation below depends on the size distribution of the porous medium as well as on the particle shape and packing (Southard):
describing the velocity of water flow out of the wall of a ceramic water filter; here, is the proportionality constant and , the change in pressure, is the difference of atmospheric pressure from the total fluid pressure inside the filter, .
The total fluid pressure at any point of the water level in the filter is equal to the atmospheric pressure pushing down on fluid from above the surface of water in the filter plus the pressure of water above the point of interest. Recall that pressure exerted by a static fluid is dependent upon the depth of the fluid, the density of the fluid and the acceleration due to gravity.
We can write ( ), where is the acceleration due to gravity, is height of water in the filter and is the change in height while water is flowing out of the filter.
Subtracting atmospheric pressure from total pressure yields
and using Equation 10 with 9 we see that ( ). If we combine density, acceleration due to gravity and the proportionality constant into the coefficient of volumetric flow rate , we obtain ( ).
(11)
Flow of water through filter walls:
To calculate the volumetric flow rate of water through the walls of the filter, we need the function of flow rate through the walls of a "slice" of the paraboloid. The volumetric flow rate through a slice is equal to the velocity of water flow through the filter wall at the slice integrated with respect to the (surface) area of the slice ( ):
and with Equation 11,
The corresponding area depends on the arc length along the paraboloid and on the circumference of the corresponding circular cross-sections, so that the area differential is
and substituting Equation 14 into 13, we get
From the discussion of Equation 4, recall that 
To integrate Equation 18 with respect to , we introduce the following constants:
and . Then,
or, simplified,
and combining (20) and (8) we get
Rearranging the terms and integrating with height of liquid at some time :
Now integrate the right side of Equation 22 with respect to time:
so that we can solve for , giving:
equivalently,
Numerical integration to solve for and calculate the coefficient of volumetric flow rate:
As mentioned previously, according to Darcy's Law, the constant or intrinsic permeability of the porous medium depends on the particular porous medium. For this project we calculate a coefficient that is based on the average experimental flow rate of a FilterPure ceramic water filter and its dimensions.
Recall that and . Since and are both constants, we can substitute the actual filter dimensions and solve for alpha using Microsoft Excel and trapezoidal integration.
The Trapezoidal Rule is an approximate method for calculating definite integrals (Stewart) . In
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Let the filter's specifications be as follows: hr, R cm, cm. Then cm -1 and . Using these numbers with Equation 24 and simplifying algebraically (all numbers rounded to 5 significant digits, see Appendix), we obtain the following expression for :
and the trapezoidal approximation gives hr -1 .
DISCUSSION
The first hour flow rate test is useful, but does have a limitation: it is conducted when the filter has just been filled and does not account for the decrease of head with time and thus the decrease in flow rate. Still, if we can calculate the coefficient of hydraulic conductivity using this test, we have a valuable tool for comparing flow rates through different types of filters and ceramic mediums.
It should be noted that the thickness of the ceramic walls was not accounted for in the equations. Wall thickness tends to vary throughout the filter (usually 1-3 cm), but an average thickness could be calculated and included in the model to obtain a more accurate estimation for the coefficient of hydraulic conductivity. Porosity of the medium was also not accounted for in this model and should definitely be considered as a parameter in future studies. 
